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1. Introduction 



The uses of an abelian antisymmetric tensor potential is manifold. It was probably 
first used in the context of particle theory to describe a massless particle of zero helicity, 
the notoph 0,0- It has subsequently appeared in the context of the theory of funda- 
mental strings 0H and of cosmic strings and vortices |5||||7[]. ^ nas a ^ so been used to 
put a topological charge (hair) on black holes ||^|[1(J , and in a mechanism for generating 
masses for vector bosons [ |TT| , |T2|| via a derivative coupling. The use of the word 'abelian' 
in the description means that the antisymmetric potential B pv is invariant under gauge 
transformations belonging to any compact gauge group, although it does have an internal 
non-compact symmetry. (Nonabelian generalizations will not be discussed here.) It is also 
known that the free field is dynamically 'dual' to a scalar, quantum mechanically 
as well as classically. 



In this letter, I apply Dirac's procedure |T5[ for reduction of phase space to the theory 
of an abelian antisymmetric tensor potential coupled to an abelian gauge field. The analysis 
has a couple of important differences with the corresponding analysis for the free B^, 



which has been known for a long time [1(3]. One important point is that in the coupled 
theory the gauge field provides a current for B^, and vice versa. As a result, choosing 
a gauge can be tricky. Another difference from the free theory (and an intriguing feature 
by itself) is that a duality transformation in the reduced phase space leads to very unusual 
Poisson brackets between the transformed fields and momenta. 
The theory under consideration is given by the action 

S = j d 4 x( - \H^ vX H^ x - \F^ V F^ + fe^B^Fxp), (1.1) 

where F^ v = d^A v = d^A v - d v A^ and H^ vX = d^B uX + d u B Xp + d x B pu . My convention 
in this paper will be e 0ljA: = +e l i k = +€ijk, the metric is flat, = diag( — h ++). (Thus 
e Oijfc = —Cijk-) Then the last term in the Lagrangian may be written as m€ijk(BoiFjk + 
BijFok). This action remains invariant under the independent gauge transformations 

An > An, + duXi Buv > B„ Vl 

(1.2) 

and A M -> Aft, B^ v -> B^ v + d [fl A u] . 

The Euler-Lagrange equations for A^ and B^ v are readily derived, 

xq m 
' d v F>" - -e^ Xp H vXp = 0, (1.3) 



SA„ 3 



1 



and 



5S 



0. 



:i-4) 



Here my convention is 5B^/5B pX = \{gp, P 9u\ ~ 9^\9u P )- Contracting ( fOl ) with e Ml/Ap , 
substituting the resulting expression for H pu \ into ( p..4| ) and using the Jacobi identity 
d[ p F v x\ = 0, one finally arrives at the wave equation 



(□-2m 2 )F Mi , = 0. 



;i.5) 



This is the equation for a free massive object of mass y/2m. As an aside, the action 



discussed in 11 has a factor of 



1 instead of the — A and ^ instead of ^. That produces 



12 



a mass m for the gauge field. The choice of factors in (|1.1|) is an arbitrary aesthetic choice, 
related to the choice of the factor of h in the definition of 5B^ U / 5B p \. One may regain the 
so-called [[L4| 'standard' normalization by replacing B^ by m by m/y2, and by 

removing the \ in the definition of 5B^ u /5B p \. 



(2.2) 



2. Constraints of the Theory 

The momenta conjugate to Ai and Bij are respectively 

Ilj = — y- = F 0i + meijkBj k ; = . = H 0i j. (2.1) 

oAi dBij 

The canonical Hamiltonian is then 

H c = A t Il t + BijILij - C 

= liilii - meijkBjtJli + diAoIli + n^TI^ - (djB 0i - diBoj)!!^ - C 

+ diAoIli — (djB 0i — diB j)Tlij — meijkB 0i Fjk. 
The primary constraints of this system are 

n w 0, U 0l « 0. (2.3) 

So I have to add Lagrange multiples of these constraints to the canonical Hamiltonian and 
integrate over all space to get a Hamiltonian 

Hq = J d 3 x(H c + u(x)n (x) + ^(x)n 0l (x)). (2.4) 



The canonical Poisson brackets are 

{A M (x),n„(y)}=^ 3 (x-y), 

(2.5) 

{-B M „(x),n pA (y)} = \{9np9v\ ~ 9^\9u P )S 3 (x-y), 
all the other brackets being zero. Here and everywhere else, it is understood that brackets 
are taken at equal times. In addition, I will not specify the spatial dependence where it is 
obvious. Then the compatibility conditions for the primary constraints (|2.3|) are given by 
their Poisson brackets with the Hamiltonian Hq, 

flo = {n ,# } = -dilli ^0; 

m (2-6) 
= {n i,-£/o} = djILij — ^-^ijkFjk ~ o. 

As is obvious, these are respectively the 0-th and [0z]-th components of the Euler-Lagrange 
equations. These are the secondary constraints of the system, and one can read off that the 
Poisson brackets of ( |2.6[ ) with ( |2.3| ) vanish. Therefore these are all first-class constraints. 

Now Lagrange multiples of these secondary constraints are added to H to get the 
unconstrained Hamiltonian 

d 3 x(w(x)diUi + Wi^cXdjUij - -e ijk F jk )). (2.7) 

The Lagrange multipliers v,Vi,w and w\ may be computed from the Poisson brackets of 
the fields with this Hamiltonian, 

A = {A ,H} = -v 

Ai = {Ai, H} =Ui + diA Q - diW - me ijk B jk 

rl 1 (2 - 8) 



Bij = {Bij, if} = Uij — djBoi + diBoj — ^(djWi — <9; 

Therefore one may set v = —A ,Vi = —2B Qi ,w = 0, and W{ = 0. (Actually, instead of 
w = and iOj = it is sufficient to set diW = and d^w^ = 0. The resulting Hamiltonian 
then differs from the one below by boundary terms corresponding to the 'zero modes' 
of the system. I will neglect these boundary terms in what follows. (For an account of 
how the boundary terms affect the vacuum structure of the quantum theory, and related 
topological issues, see [[TTyiBf .) Finally, one may compute the Poisson bracket of the 
secondary constraints with the Hamiltonian, {9^^, H} didjFij = 0, while 

{diHij — —€ij k Fj k , if} w 2m djB k i^(S ik dji — dudj k ) — me k i m djll k ^(diidj rn — 5 im 5ji) 

+ meij k djll k — m 2 eij k e k imdjBi m = 0. 

(2.9) 

Therefore there are no tertiary constraints, and (|2.3|) and (|2.6|) form a complete set of 
first-class constraints. 
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3. Constrained Hamiltonian 



In order to compute Dirac brackets for the system, I shall fix the gauge by choosing 
'gauge-fixing' constraints with non-vanishing Poisson brackets with the primary and sec- 
ondary constraints (|2.3|) and ( |2.6|) . The 0-th component of the Euler-Lagrange equations 
for (Oh reads 



m 



—d diAi + V A — —e^kH^k 



0. 



(3.1) 



It follows from this equation that the gauge fixing constraints A$ w and d{Ai « cannot 
both be imposed (unless m = 0) . I will choose 'radiation gauge' constraints 



Tfl f d u 

diAi « and Aq(x) + — J — _ - e ijk H ijk (y) « 0. 



47r|x — y 

This gauge-fixing can be done by performing the following gauge transformations, first 

d 3 y 



(3.2) 



A^A'^x) =A (i (x 



so that 



-^J dt A Q (x,t) + j J 

, m f d s y 



l x ~ y 



47r|x — y 
€ijkHijk(y) = 0, 



■eijkHijk(y, t) 



(3.3) 



(3.4) 



and (|3.1] ) becomes dod^A^ = 0, where I have used V^( 47r |^_ y | ) = — 5 3 (x — y). Then another 
gauge transformation is made, 



J 47r|x — y 



(3.5) 



Then <9;A" = and A% = A' Q , where I have used <9o<M- = 0. 

Similarly, the Oi-th component of the Euler-Lagrange equations ( |1.4| ) reads 



m 



—d djBij — V B i + didjB j + —t-ijkFjk 



0. 



(3.6) 



Again, B^ « and djBij « cannot both be imposed unless m = 0. I shall choose what 
may be called 'radiation gauge' constraints for the B^ v field, 



in f 

djBij « and S 0i + — / — , r e; jfc F jfc (y) « 0. 

2 J 47r|x — y| 

These choices can be made via the following gauge transformations (see ( |1.2[ )), first 

f x ° [ m f d 3 y 

b^ v -> Bj,„(x) = b m „(x) + <9 [M y dt b,] (x, t) - y y 4?r | x _ y | ^]ojfc^-fc(y, *) 



(3.7) 



(3.8) 



so that 

Tfl f d u 

B 'oi + ^J 47r | x _ y | ^^(y) = °> ( 3 - 9 ) 

and ( pT6| ) is now dodjB'^ = 0. Then the radiation gauge is achieved via another gauge 
transformation 



B'»„ - B% = - d, jJ-^-dlBU + d v / j-^—^B^. (3.10) 



d3 y d v B < +d f d3 y 

^\x-y\ dkB » k + du J 47r|x-y| 

In this gauge, = and = B' 0i . 

Now I can drop all primes and write down the full set of second-class constraints, 

</>i = A (x) + — / — re ijk H ijk (y) « 0, 

6 J 47r|x - y| 

h = n « o, 

03 = <9;A; » 0, 

04 = dilli « 0, 

m /" <i 3 y , . 

05i = -Soi H — —, -eijkrjk{y) ~ 0, 

2 y 47r|x-y| 



(3.11) 



->6i = J-J-Oi 



0, 



7i = djBij « 0, 

777- 

8 i = ^nij - —eijkFjk « o. 

The matrix of Poisson brackets of these constraints are easily computed from the canonical 
Poisson brackets (|2.5|) . In particular, the matrix of Poisson brackets of the constraints (pn 
and <p8i is 

(<Mx), <My)} = dkdfl(g XJ g k i - g u g jk )8 3 (x - y) 

= -|(v^-a^)5 3 (x- y ). 3 ' 12 

As is well-known, the right-hand side of this equation is non-invertible. It follows that 
the constraints 4>n and 0gz are degenerate. This degeneracy is due to the fact that there 
is a propagating mode of the B^ field. In four dimensions, the antisymmetric B^ v has 
six independent components. On the other hand it appears as if there are six first-class 
constraints ( |2.3| ) and ( |2.6| ) on these components. These, however, are not independent 
constraints and their interdependence is carried through after gauge fixing into the second 
class constraints ( |3.11| ) . The non-invertibility of the matrix of Poisson brackets shows that 
( |3. 11|) is overcounting the number of second-class constraints. In order to compute the 



Dirac brackets of the fields, one needs the inverse of the matrix of the Poisson brackets of 
the second-class constraints. Because of the non-invertibility of ( |3.12| ) one has to resort 
to a trick. This trick is to introduce a parameter rj, and redefine the relevant Poisson 
brackets, 

(3.13) 



{5^(x),n pA (y)} = \ (9np9v\ - (1 - -)# M A^ P )5 3 (x-y). 
Then the Poisson brackets of 4>n and (psi are given by 

(<Mx),<My)} = -±(V 2 ^ - (1 - i)df^)5 3 (x-v) =: -±G^(x)5 3 (x-y). (3.14) 

I will compute the Dirac brackets as usual, then take the limit rj — > oo at the end. The 



matrix of Poisson brackets of the constraints (|3.11|) is now given by 
/ 



C a p(z, w) 



V 



where a,(3 = 1, 



( 



U a/5 



(z, w) 



where — = 5 (z 
Vt 






-1 




















1 





























- 


-V 2 




















V 2 




















































2~9ij 





























- 






















|^(z) 





■•,8. 


The 


inverse 


of this matrix is easily computed to 





1 




















-1 
































l 

vf 




















l 

V 2 























o z 




























































2G". 1 (z) 

















- 







w) = 




1 


— . and G,} 


is a formal inverse. 




47r|z — w 


l J 









S 3 ( 



w 



(3.15) 



5 3 (z-w), (3.16) 



G- j \z)=lg ij -(l-r 1 ) 



did] 

v z 



V 2 ' 

v z 



(3.17) 



According to Dirac's prescription, the brackets among two objects A and B may now be 
calculated, consistent with setting the constraints ( |3 . 1 1| ) strongly to zero, by the formula 

{A(x),B(y)} D = {A(x) 1 B(y)}- f d 3 zd 3 w{A(x), </> a (z)}C-£(z - w){^(w), B(y)}, 

(3.18) 
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where the brackets on the right hand side of the equation are the canonical Poisson brackets 
given in (|2.5|) . The Dirac brackets of and !!„ can be easily computed, 



{^(x), U v (y)} D = (g^ + g 0fM g v)6 3 {x - y) - d*d* 



1 



47r|x — y| 



(3.19) 



For the calculation of the Dirac brackets of B pv and Tl p \, one calculates with C a p as 
given in ( |3.16| ) and then takes r\ — > oo. Thus 

{S /J! ,(x),n P A(y)}o = \{.9vp9v\ - g fl xg„ P )S 3 (x- y) 



1 



9tio9op9iv9ix - (i - -)guogo P gip,gi\ 
- (i - -)gvo9o\giv9i P + (i - -) 2 s^os ( oAfivfi'ipU 3 (x - y) 

+ 9p.o9op)d*d y x - (1 - -)(^a + g^go\)dld y p 
-i 1 - -)(9u P + 9vo9op)d*d v x 



(3.20) 



+ (i-i)2(^ A + ^ 0A )a^ 

1 



1 



4/t|x — y| 



+ V2 j 47r|x-y|' 

for which one takes 77 —>■ 00 and obtains the Dirac brackets for B pv and Tl p \, 

{fl M i/(x), n pA (y)} D = \{g w gv\ - g fl \gu P )S 3 (x - y) 

+ \ {gp,o9op9u\ - g»ogo P gp\ - g^agoxg vp + fi^o#oAfiw)5 3 (x - y) 



(# w + 9po9op)d*d y x - (g^x + g p0 g \)d*d y 



(gu P + g v aga P )dld v x + (g vX + g v agQ\)d x d l 



1 



» p J47r|x-y| 

The other Dirac brackets may be computed in a similar fashion, and they are 

1 



(3.21) 



(A M (x), U uX (y)} D = 2mg 0fl e uXp d p '-^^ 
{ J B Ml/ (x),n A (y)} D = m{g 0v e Xpa - g G pt\ va )d< 



1 



{n M (x),n, A (y)} D = m(e M<7 G^ - e^ a d*d v x ] 



47r|x — y| 
1 

47r|x — y| 



(3.22) 



{a^a v } d = {A^B flu } D = {b^b pX ] d = {n^n^ = {n M ,n MI/ } D = o. 



Here e^ v \ — (.%jk9in9ji'9k\- 

One may then set the constraints ( |3.11| ) strongly to zero. The fully constrained Hamil- 
tonian is then 

H = JfxQTW, + in«n« + \H, jk H iik + \F ijFii + m*B ijBii - m^II^), (3.23) 



with the fields and the momenta obeying the Dirac brackets as given by ( |3.19| ) - ( |3.22| ). 
The linear nature of the coupling between 11^ and Bj k may raise questions as to the 



boundedness (from below) of this Hamiltonian. However, ( ^.23| ) is bounded from below, 
since 

(3.24) 

which is a sum of squares. 

The duality between the antisymmetric potential and a scalar is quite interesting in 
this formalism. First, let be defined as := F^ = Hi — meij k Bj k (a non-canonical 
transformation). Then from ( |3.21| ) and ( |3.22|) , one calculates that 

{n^(x),n ife (y)} D = -me ufc 5 3 (x-y). (3.25) 

On the other hand, has the same Dirac brackets as with all the other variables that 
appear in the Hamiltonian (|3.23|) . I now drop the primes and rewrite the Hamiltonian as 



H = J ^x^UiUi + ^ILijlLij + \H ijk H ijk + jFijFij). (3.26) 

The fields are now uncoupled in the Hamiltonian but coupled through their Dirac brackets 
( P.25|) . Even though this was not a canonical transformation, no information has been 
lost. Now I make a canonical transformation from the variables [B^, Ti p \) to the scalar 
variables (</>, n^,) , 

0(x) = ~^ e ijk J d\-j^Iljk(z)-, = -j=€ij k diB jk . (3.27) 

The inverse transformation is also non-local, 

n y = -^=e ijk d k (j), B i:j (x) = -^7= e Hk J dX^-Ii^. (3.28) 



The hamiltonian may now be rewritten in terms of the variables (A{, Hi, (f), n^). 



(3.29) 



with Dirac brackets given by ( |3.19| ) (where Hi are the new Ilj), and 

(0(x),n4y)} D =5 3 (x-y) 

■ D = {A i ,n (f) } D = {n i ,u ( p} D = o 

/"OO 

(n,(x), <p(y)} D = mV2 / c^5 3 (x - z) 

J V 



{A, 



(3.30) 



While Hp\) — > (</>, n^) is a canonical transformation, it is also non-local, and there- 

fore incomplete. The systems (|3.26| ) and ( |3.29| ) carry different topological information, as 
is evident from the brackets ( |3.30| ). While the brackets in the first system were local, the 
brackets now depend on a line of integration. Various authors ||0,|l^,|l^,[19| have pointed 
out relations between cosmic strings in the system ( |1 . 1|) and local strings of the abelian 
Higgs model in the symmetry broken phase. The transformations (|3.27|) , (|3.28| ) and the 
Poisson brackets ( |3.30|) seem to point to yet another description of the duality between 
the two systems. 
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